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Every perfect k-coloring of a plane pattern is determined by a permutation representation of 
a plane crystallographic group G on a subgroup of index k. The fact that these groups are 
extensions of Z* by finite groups of plane isometries is used to characterize their subgroups and 
hence all perfect colorings of pattcms and isohedral tilings in the plane. The k-color groups are 
enumerated for certain classes of k. 
0. Introduction 
Colors have long been used to distinguish between geometrically congruent 
objects: for example, this is the purpose color often serves in chemical structure 
models and in ornamental patterns. The need to include, in the classification of 
crystal structures, the possible arrangements of magnetic moments of o~emically 
equivalent atoms has in recent years stimulated the study of the symmetrical 
distribution of colors (i.e., nongeometric characteristics) in discrete patterns. 
When each symmetry operation is associated with a permutation of the colors the 
object is said to be perfectly colored [2], consistently colored [8], or more 
generally to possess color symmetry. A discussion of the history of the prob,lem 
can be found in [4]. 
To give the problem an abstract setting, we consider any discrete group G of 
isometries in E” together with a set X on which it acts transitively. Each element 
of X is to receive one of k colors. In order for X to ke perfectly colored, we must 
be able to assign to each element of G a unique element of the symmetric group 
Sk : in other words, there must exist a homomorphism u from G into S,. Then the 
elements in G which map the elements of X with a given color c1 onto elements 
of the same calor form a subgroup of G of index k which we wirl denote by H; u 
is said to be a permutation representation on H. (See, e.g., [5].> The elements of 
G which map elements of X with color cl onto elements with coKor ci form a left 
coset of H, and so the image of each gtz G under u is determined by the 
permutation of the left cosets of H induced by g. (The kernel of o is the largest 
normal subgroup qf H). 
Let a(G) = r and cr(g) = ‘y. The pairs (g, y) form a group under the multiplica- 
tion (g, y)(g’, y’) = (gg’, ‘y’y’); (G, I9 is called a k-color group [16]. Since the 
subgroup H determines r uniquely (up to the order of the colors) but not vice 
versa, we will write G(H) = (G, I’), in order to emphasize the role of H. 
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The 2-colcr groups associated with the two and three dimensional crystallog- 
raphic groups are well-known and have been derived in various ways [al, 141 as 
have the polycolor finite groups [6, 131. Only restricted classes of polycolor 
crystailographic groups have been studied so far [4,7, 8, ‘14, 151. In this paper we 
discuss the color groups associated with the crystallographic groups of the plane. 
(The methods we use apply to higher dimensions as well.) In Section 1, we 
characterize the subgroups of finite index of these groups, thus determining the 
value: of k for which k-colorings exist. In Section 2, we show how this determines 
the k-colorings of the isohedral tilings of ?he plane. Tn Section 3 we discuss the 
problem of equivalence and show how the k-color groups can be enumerated. 
This enumeration is carried out for certain classes of integers k. 
1. I’& plane crystallographic p3roups and their subgroups 
1~ 91. 2’ will be denoted by T and interpreted as a discrete group of translations 
generated by two liuearly independent vectors. The finite groups of isometrics: 
each of which we denote generically by S, are called point groups, Because 
rotations of order j, where j = 5 or j > 6 cannot be automorphisms of T, S must be 
one of the cyclic or dihedral groups ci or di, i = 1,2,3,4, or 6. 
We need use only rhe most elementary properties of the theory of extensions 
(see e.g., [S, pp. 2 18-2251). Thus every element of G can be written as a product 
rs. where t c T and s is a coset representative corresponding to s E S; the product 
tls,tzs2, is equal 1~ r:lt2s1s2, where slt2=s,t2s;1. In turn, s1s2= ts&s2), where 
t s,sz E T. (Note: we vse right coaets here because an operation of the sort “rotation 
followed by translation” is easier to visszlalize in a pattern than the reverse. Since 
T is normal in G, this will not conflict with the use of left cosets in the 
permutation represeatation of G on H.) G is determined by the automorphisms 
of T which are associatecl with elements of S, and by the elements t_. The 
crystallographic grows are chwacterized by the condition that the homomorphism 
S -2 Aut (T) is one-one. 
Since G is an extension of T by S, G/T = S and there exists a homomorphism 
(gp : G + S with kernel T. Thus every element of G is associated with an au- 
tomorph& of T by the mapping &%; elements in the same coset Ts are mapped 
onto the same automorphism. Every automorphism of T is a linear transforma- 
tion which can be represented by a matrix with integral entries and determinant 1 
f 1, i e., an element of GL(2,Z). Th-1s 4(S) is a subgroup of GL(2,Z); the class 
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(a) (b) 
Fig. I. The three plane crystallographic groups which are extensions of il* by dl. In the patterns, 
mirror Eines are indicated by unbroken lines, glide reflection lines by broken lines. (a) the plane group 
pm. Here C#J(S) = (1 O/O -1); s is a reflection and (s)’ = (0,O). This extension is a semidirect product. 
(b) In the group pg, again 4(s) = (1 O/O -1) but here s is glide-reflection and (s)* = (I, 0). (c) In cm, 
4(s) = (0 l/ 10) and s is a reflection; the group is a semidirect product. Notice however that the 
pattern contains glide line9 parallel to the mirrors. 
of subgroups conjugate to <b(S) in 6L(2,2) is called the aMunetic crystal class of 
G. A single point group S may have more than one representation in GL(2,Z) 
and each of these representations in turn leads to one or more extensions of T by 
S, one corresponding to each element of the second coilomology group Hz( T, S). 
(See Fig. 1 and Table 1.) In the plane there are 13 arithmetic classes 4(S) and 17 
groups G; we assume that the reader is more or less acquainted with them. For a 
helpful overview, se\: [4] or [12]. The elements of T can be thought of as vectors t 
in the plane with integral coordinates; then ‘t E G is interpreted as t%e product of 
the matrix Qi(s) and the vector t, 
A point on one motif of X is mapped onto itself by the identity element of G 
and onto the corresponding point on each of the other motifs of tbe pattern by a 
uniclue element of G. The points related by the translations of T form a lattice L 
(we are free to identify T and L). Any set of basis vectors for L forms a 
parallelogram containing IS( motifs of difIererrt orientations, which correspond to 
a set of representatives of the cosets 25, of T in G. Fig. 1 shows patterns 
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Table 1. Admissible lattix for subgrolups 
generators of IA1 
arithmetic crystal Upper equivalent 
S’ NO. Cl%!i &(S’) Of H Tlype triangular description J 
Cl 1 (1 0,‘O 11 1 [a O/cdl any n 
c2 2 (-1 D/O-1) 1 
c3 3 :i) l.f--1 -1) 2 
[ 
u O/- QXa 1 [PdP-qP1 n=p2-pq+q’ YY 
Y l(x2+x+l). Y la 
c6 4 iI If-IO) 2 
c4 5 (0 1 r-1 0) 3 
dl h ;1oro-1) 
d2 7 (10,0-l), (-10/O-l) 
dl 8 (0 1110) 
d2 9 (0 1flO). (-1 O/O-i) 
d3 10 ~Ol,‘lO).(Ol/-1-P) 
d3 11 (1 1 IO -1). (0 l/-l -1) 
dh 12 (1 1 /O-l), (1 l/-l 0; 
d.: !3 (0 1 I-1 0). (1 O!O-1) 
dl x (1 l/O-l) 8i 
4i 
4ii 
41, 4ii 
51: 
5i;i 
5i. 5ii 
6i 
6ii 
6i. 6ii 
6i, 6ii 
7i 
7ii 
8ii 
Y I (x2+ KY I a 
[a O/O dl 
[2a O/-ad] 
y=O(mod2) 
[a Olgf] 
Y I W- iI, Y Ic;~, 
y=l(mod2) 
[a O/O al 
[3a O/-aa] 
Ca O/O al 
C2a O/-a a] 
I. a(P-x) a a O/-- Y Y I 
yla,Ylx2-1 
y=O(mod2) 
[ 
a(l-x) a 
a OI-- 
Y Y 
y a,yIX2-1 
1 
y =l (mod2) 
CPd--4Pl n =p2+q2 
any n 
n=2m 
[p --p/-q c-41 n = 2m 
[Pdrp PI z- 2 n-=p q 
n-m2 
n=3m2 
n=m2 
n=2m2 
[p -P/-441 n =h 
[PdqPl n=p2__q2 
The shape of the lattice of a subgroup H of a crystallogr;iphic group G is governed by its arithmetic 
crystal class &(S’).il The determinant A of the lattice matrix [AT is the index of 7” in 7’. 
“-fie arithmetic nystal classes of the crystallographic plane groups are: ~1-1; ~2-2; ~3-3; ~4-5; 
~6-4; pm, pg-6; pmm, pmg, pgg-7: cm-8; cmm-9; p31m-10; p3ml-11; p6m-12; p4m, p4g-13. 
b The coordinates of the column vectors are relative to the basis vectors of the groups G of which H 
is a subgroup. 
c (1 1 /O -1) and (0 l/ 10) are conjugate in GL(2, z) but do not correspond to equivalent reflections 
in p6m. As in p4m, there are two am subgroups of p6m. with different httbs. 
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illustratiig the plane groups pm, pg, and cm, which are inequivalent extensions of 
Z* by d 1. In pm and pg, &(d 1) is generated by (1 O/Q -1). However pm is a 
semi-direct product while pg has a nontrivial factor set (a = (1,O)). In cm, <b(dl) is 
generated by (0 l/ 10); cm is a semi-direct product. 
Let H be any subgroup of finite index of G. If we let T’ = H n T, then T’ is 
normal in both, H and T. An orbit of H is a maximal subset of the pattern on 
which H is transitive. T’ will correspond to a sublattice L’ of L. L’ can be 
described by a matrix [A], whose columns are the coefficients of the basis vectors 
of L’ relative to those of L. Let A be the determinant of [A]; A is of course an 
integer. The basis vectors of L’ determine a parallelogram whose volume is A 
times that of a fundamental parallelogram of L. Hence it will contain ISI A motifs 
of G, corresponding to a set of representatives of the cosets of T’ in G. 
Writing 
ISI 
G = ,!I pi and T = 6 T’ti, 
j=l 
we have 
G = U U T’tiSi. 
i=lj=l 
The homomorphism + maps II onto a subgroup S’ of S and so H is a union of 
IS’/ of the cosets T’tjSi. Accordingly, IS’1 motifs within the fundamental parallelog- 
ram of L’ correspond to elements of I-J!. 
To find the subgroups H of G, we start with a sublattice L’ of L and ask 
whether it can illustrate the translation subgroup T’ of some H. The answer 
depends upon which cosets of T’ in G belong to H, since we must have 
&Q(H) c 4(S). In Theorem 1 and its proof we restate this condition in the form in 
which we will use it. 
l%ewem 1.1 Let F be the union of any subset of the cosets of T’ in G as above. If F 
i3 a s&group of G in which T’ is normal, then T’ is invariant tinder the 
automorphism 4(Si), whenever f = tjq is in F. 
Proof. For, if t’ E T’ then 
T’fT’t’ = T’f = T’t,Si. 
AlSO, 
T’rt’ = T’ft’ = TP4sit’ =,T’qt’q = T’“it’$si, 
since T is abelian. It follows that 3’ E T’. 
It is not difhcult to characterize those unions of cosets which form a group. Let 
T’ be invariant under the automorphisms of +(S’). Since S, and hence S’, is either 
cyclic or dihedral, we can write either S’ = (s), where s is a rotation of order j, or 
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S’ = (s)U (s)m, where m is a reflection. t3ecause S’ = H/T’, there must exist coset 
representatives IS and t,m such that 
j-1 
Z-Z = IJ, T’(B)‘, if S’ is cyclic, 
i-l j-l 
N = U T’(ts)i U U T'(rs)'tom, if S’ is diheclral. 
I=0 i=O 
In fact. for each t E T, (ts)’ = 1 and since 4(s) is an automorphism of T’, the coset 
7”ts generates a cyclic group. We can extend the group (?ylts) to a dihedral one if 
and only if 
tal {T’. Tt,,m) is a group, that is, (tom)? e T', and 
{b) (rt,,m)(ra)(T't,m)=(T'~)-'. 
Since, by ‘Theorem 1.1, “IT’= T’, (b) is equivalent to 
(b’) (t,m)(fss)(t,m) ‘E T’(a)-‘. 
Conditions (a\ and (b’) imply 
(cl [astom]2 E T’, 
and conversely 
theorem. 
(a) and (cj (b’) . We have, in summary, following 
Theorem 1.2 Lst G be a plane group with point group S. Let S’ be a subgroup of S 
and let T’ be a subgroup of T which is invariant under the automorphisms 4(S). 
(ij Zf s E S’ is a rotation of order j, then for every t 5 T, Ho = UiCl T’(ts)’ is a 
group, 
(ii) Zf m E 5’ is a reflection, then the group I&, can be extended to a group 
I-&, C! &(f,n~) if and only if (tom)' E T’ and [(ts)(tom)]” l:: T’. 
Thus to find all subgroups Z-Z of index k of 6, wIe: 
(a) write k = PA and let p run through the divisor2 of k, 
(b) for each ~1, tid all subgroups S’ of index p. in S 
(c) for each S’, determine all the distinct lattices I,’ of determinant A which are 
invariant under the automorphisms 4(S), and 
(d) for eaclh S’ and L’, use Theorem 1.2 to find the subgroups Z-Z. 
Before considering examples, we briefly indicate how the matrices [A], which 
are listed in Table 1, were found. Because [T: T‘] is ffinite, we know that there is a 
least integer a such that ?he vector ia, 0) is in L’. T:ms we can -write [A] as an 
upper triangular matrix [a O/cd]. Let B be an element of 4(S’). Then if 
(u, u j E L’, so is B(u, u); in particular B(a, 0) and B(c, d) are in L’, so they must 
color groups 
be linear combinations of (a, 0) and (c, 8). Formally, 
We use these equations to express c and d in terms of a, x, and y, and to find the 
conditions which must be placed on the matrix entries. For example if B = 
(0 l/-l 0), i.e., if B is a rotation through 90”. then B(a, 0) = (0, a), B(c, d)= 
(-d, c), and we have the two sets of equations 
ax+cy=O 
and 
ax’+cy’= -d 
dy=a dy’= c I 
From the first set we conclude that d = u/y (hence y 1 Q and c = -KC/~). IJsing 
this in the second set, we find that y 1 (x2+ 1). It follows that [A]= 
[a O/-ax/y u/y], with the conditions that y 1 a and y 1 (x2+ 1). The integer x can 
have any value but integers congruent modulo y define the same lattice. The 
determinant of [A] is A == a2/y, and with the help of a little elementary number 
theory we find that A must be the sum of two squares. 
Every matrix [A’] which is a matrix product [AJ[D], where [n] has integral 
entries and determinant *l, defiries the same lattice as [A]. It ia sometimes easier, 
algebraically or geometrically, to work with a matrix which is not upper trrangu- 
lar. For example it is easy to show that the lattice defined by the matrix [A] in the 
example above is also defined b;y a matrix of the form [pq/-qp], i.e., the basis 
vectors of L’ can be chosen to be perpendicular. 
Exampk 1.1. We characterize all subgroups of the plane group p4 for whi& 
S = S’. Since S = c4, L’ must be invariant under the rotation 4(s) = (0 l/- 10); as 
shown above, this means that A = p2+q2 and we can choose two perpendicular 
vectors of equal length as a basis for L’. The fundamental parallelogram (now a 
square) of L’ contains 44 motifs, A of each orientation, representing the 4A 
cosets of 7” in G. By Theorem 1.2 we have A subgroups H. Fig. 2 shows orbits of 
the four subgroups for which [A] = [2 O/O 21. 
Example 1.2. We find all subgroups of index four of the group pm, folloting the 
steps outlined above. 
(a) PA=4; since ]S(-2, either ~=2, A=2 or b~=l, A=4. 
(d) If ~=2, then S’=cl; if p=l, then S’=dl. 
(c) If S’ = c 1, no restrictions are placed on the sublatkes I_,‘, which thus can be 
any of [2 O/O 11, [2 O/l 11, and [l O/O 21. If S’= dl, then [A] must be one of 
[4 O/O 11, [2 O/O 21, and [I O/O 41 (lattice 4i), or [4 O/-2 l] and [2 O/-l 2] (lattice 
4ii). 
(d) If S’ = c 1, then H = T’. If S’ = d 1, then H = T’ U T’tga, where to satisfies the 
conditions df Theorem 1.2 (ii). Writing to= (r, s), these are, for lattice 4i, r = 0 or 
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ClT f 
-7 
J 
L-3 
lJ 
1 
f c-, c- r 
J J 7 
(cl 
r 1 1r r I 
-7 -7 -7 
J J J 
(4 
Fig. 2. The plane .group p4 has four p4 subgroups with [A] =[2 O/O 21. Each can be written 
H - ‘I” U 7% U 7”(?s)“U 7%~)~. In each pattern, the set of motifs labeled 1 is an orbit of H. (a) 
t = (0.0); (b) t = (1,l); (c) t = (0,l); (d) t = (1,O). 
r 1 
c--D 
J 
.l I \ 
-7 
J 
r 1 b7 
J 
1 r r r 1 L7L3 =-J 
1J J 1J 
(b) 
r 1 
L,7 CG f 
1 
J J 
-3 L 7 
J 
I’ = a/2, and for lattice 4ii, r = 0; s is arbitrary. These subgroups are of types pm, 
pg and cm rsspectively. Note that the lattice [I O/O 41 does not admit a pg 
sukgroup. Orbits of several subgroups of pm of index four are ilhrstrated ii Fig. 3. 
.Nore. in general, suppose that t is parallel to a mirror line (automorphism t$(m,)), 
;and that i is the smallest power of t such that t’ E T’. Then only the coset 
representatives ml and ti”ml define subgroups. Thus i must be even if translatitln 
ia present. If t is parallel tab a glide reflection line (automorphism t&(m,)) then only 
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t”““2m2 is admissible; here i is odd. If t is an arbitrary vector, then these 
conditions hold for its component in the direction parallel to the mirror or glide 
line. 
Table 2 states the conditions that must be satisfied by t and &, in order for 
subgroups to exist for which S’ is dihedral. 
ExampIe 1.3. If S is a dihedral group di, with i > 1, then it contains i dl 
subgroups, each of which should be considered separately in finding the subgroups 
3 3 
Fig. 3. Four subgroups of index four of pm. (a) N = 2 and A = 2; H= T’ with lattice [2 O/L 11. (b) 
~=l,A=4;thelattice[20/12]istype4iiandHist~cm.Here~=(9),0).(~)~-1,A=4.The 
lattice [2 O/O 21 is type 4i, H is pm and t,-, = (0,O). (d) Again H is pm, with the same lattk as (c), but 
here &,= (0,l). In each pattern the set of motifs labeled 1 is an orbit for H. The sets of symmetry 
operations which map these motifs onto motifs labeled 2,3 and 4 are the left cosets of sf 
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Table 2. Subgroups in which S’ is dihedral 
arithmetic 
crystal class lattice conditions on t = b, vi 
G of H and t,, = (r, s,) If 
pm 6 
PR 6 
cm 8 
CI?l" 8 
p??f?l 6 
7 
pm 6 
6” 
7 
PM 
cmm 
6 4. 
7 4.i 
8 .“i 
9 $’ .I 
p31m 8 
10 
p3ml 
P4m 
b 
11 
6 4. See pm 
8 !I See pm 
4i 
4ii 
4i 
5i 
Sii 
8i 
8ii 
4 
4i 
4ii 
4. 
4. 
4i 
!I ii 
t;; 
C+i 
6ii 
r=O 
r=a/2 
r=O 
r = (a - 1)/2 
r+s=O 
r+s=a/(x+l,y) 
r+s=O 
r+s=a/(x+l.y) 
r=O 
r = a/(x + lfy) 
r=O 
r=a/(x+l,y) 
See pm 
r=O. v-s=0 
r=O, u-s=d!2 
r=a/2, v-s=0 
r=a/2, u-s=dl2 
r=O. u-s=0 
See pm 
See pg with d in plati of a 
r=O, u-s=(d-1)/2 
r=a/2, u-s=(d-1)/2 
See pg 
r=(a-1)/2, o-s=(d--i)/2 
See cm 
r+s=O, u-u-r+s=O 
r+s=O. u-u-r+s=a/(x-l,y) 
r+s=a/(x+l,y), w-u-r+s=O 
r+s=a/(x+l,y), u-v-r+s=a/(x-Ly) 
Same as above 
See cm 
r+s=O, -u+2u+2r-s=O 
r+s=O, -u+2v+2r-s=a 
r+s=a, -u+2u+2r-s=O 
r+s=a, -u+2u+2r-s=a 
r+s=O, -u-i-2v+2r-s=O 
r+s=O, -u+2u+2r-s=3a 
r+s=3a, -u+2u-i-2r-s=O 
r+s=3a, -u+2v+2r-s=3a 
See cm’ 
F=o,u=o,s=o 
r=O,s=O(mod3), 
u 3 2(s/3) (mod a) 
pm 
Pg 
cm 
Pg 
pm 
Pg 
cm 
cm 
pm 
Pg 
cm 
cm 
pmm 
Pmg 
Pgm 
Pgg 
cmm 
pmg 
Pgg 
Pgg 
pmm 
pmg 
pgm 
Pgg 
cmm 
p31m 
p31m 
p31m 
p31m 
p3ml 
p3ml 
p3ml 
p3ml 
p3ml 
p31m 
Cldor groups 
Table 2 (umuf.) 
65 
arithmetic 
crystal dabs lattice conditions on t = (w. u) 
G of H type and t,, = (r, s,) N 
7 
9 
14 
4 
5 
7i 
7ii 
See pmm 
See cmm 
r=O, u+u+r--s=O 
r-0, u+u+r--s=a 
r=a/2, u+u+r-s=l) 
r=a/2. u+iT+r-s=u 
r=O, u+u+-r--s=0 
r=O, u+u+r--S=a 
p4m 
P4m 
P4g 
P4g 
p4im 
I7410 
P4g 
p6m 
6 4 
8 5i 
7 4 
9 5 
13 7i 
8 
8” 
9 
10 
11 
12 
5 
8 
5 
6 
6 
6i 
6ii 
See pg 
See cm, with r + s + 1 in place 
of r+s 
See Pgg 
See cmm, with r + s + 1 in place 
of r+s, and u-u-r+s+l 
in place of u-u-r+s. 
r=(a-1)/2, u+u+r-s=a-1 
See cm 
See cma 
See cmm 
See p31m 
See p3ml 
r=O, w+ui2r-s=O 
r=O, u+u+2r--s=a 
r=O, u+u+2r-s=O 
r=O, u+u+2r-s=3a 
P4E 
p6m 
p6m 
p6m 
p6m 
e (1 1 /O -1) and (0 li 10) are conjugate in GL(2, z) but must be considered separately in 
p6m. Similarly, (1 O/O -1) and (-1 O/O 1) must be considered separately in pmg. 
of G. For example, suppose that S is d2; then 
G=TUTsUIhrUT(sm), 
where s is a twofold rotation and m, and (sm), may be a reflection or glide 
reflection. The dl subgroups 
HI = T’U T’t,m and Hz = T’U T’t,(sm) 
are distinct. Orbits of two pg subgroups of pmg are shown in Fig. 4. Such 
subgroups are listed separately in Table 2 only if they are inequivalent (Section 3). 
Once the subgroup H is chosen, we can color the pattern without writing down 
the permutations a(G) explicitly. First, tbe motifs in an orbit of H are given color 
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Fig. 4. Two color&s of pmg. Orbits of two pg subgroups of pmg are shown. In both, [A] = [2 O/O 11. 
In (a) If = 7” U T’t,m, t, = t 1,O); m is a reflection. In (b), H = T’U T(sm); (sm) is glide reflection. The 
two subgroups define inequivalent c&or groups. 
c1 ; then colors cz, . . , ck are given to those motifs which correspond to the left 
cosets of II. (Thus the sets of motifs of a single ?olo: are congruent.) An orbit of 
H incEudes motifs of IS’] orientations: it follows that the same set of A colors is 
assigned to all the mot& in each of these orientations and that there are 
k = PA colors in the pattern. (See Fig. 3). Table 3 lists, for each group G, the 
possible values of p and A for its subgroups H. Thus it shows the values of k for 
which k-colorings exist, and the ways in which the colors are distributed. 
However the appearance of the pattern lepends also on the choice of orbit. 
2. Perfect coiWings of iscn’hedral tilings 
Minbaum and Sbepard [2] recently posed the problem of determining, for 
eadh isohedral (transitive) tiling of the plane, the set of all k for which a perfect 
k-coloring is possible, where each tile receives a single color. 
It is evident that the perfect colorings of a tiling depend (only) on the plane 
symmetry group G of the tiling, the stabilizer subgroup Q of the tile, and the 
Pl pl 
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P4 
p6 pl 
p2 
P3 
P6 
Pm PI 
pm 
pg 
cm 
Pfz Pl 
Pg 
cm PI 
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Pmm pl 
P2 
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Pmm 
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wf3 
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1 n 
2 n 
f R 
3 n 
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2 n 
1 p2+qz 
6 n 
3 n 
2 p*-Pq+q2 
1 p?-pq+~2 
2 n 
1 n 
1 2m 
1 2m 
2 A 
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1 2m 
1 2m 
1 22k (am + 1) 
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2 n 
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P31m 1 3mZ 
P4m PI 8 tt 
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Pg 4 2m 
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pmm 2 n 
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cmm 2 II 
P4 2 pz+q= 
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P4 2 pQq2 
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p6m ~1 12 n 
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pm 6 2m 
Pg 6 2m 
cm 6 22k(2m + 1) 
pmm 3 2m 
pm@ 3 2m 
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cmm 3 22ic~2m + 1) 
P3 4 p*-pq+q2 
P6 2 pz-p9+q2 
PJlm 2 m*ar 3m2 
P3ml 2 m2 or 3m2 
“#%a index [G ~$31 of a slipup N of a ~~~tall~grap&ic group G is a product k = &, where w is 
the index of 5’ in S and A is the index of T” in ‘E Each subgroup defines a k-c&or group G(H), 
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embedding of the translates of Q in G. If we use marked tiles, we see that we are, 
in effect., grouping togethe,r a set of motifs of different orientations (Fig. 5). Each 
tiling Is thus associated with one of fifty-two pattern types [4]. The requirement 
that each tile receive a single color is then seen to be equivalent o specifying a set 
of motifs corresponding to representatives of the cosets of T’ that will constitute 
H or a subgroup of H. ‘he set of cosets ipso facto forms a group 
Thus a tiling with tile sl‘;;lbfizer Q always admits a coloring of k = PA colors in 
which Q is isomorphic tc I S’, p = [S : Q] and A is the determinant of a lattice 
which is invariant under th2 automorphisms 46’). A tiling may 01: may not admit 
colorings k = VA, where v 1~. 
As pn exam+. ‘at us find all colorings of tilings whose plane group is p4. There 
are five such t: . :3]: in lthree of them, Q = cl, in one, Q = c2, and in the fifth, 
(b) 
Id) 
Fig. 5. Four distinct tilings of the plane with symmetry group p4. (a) and (b): Q = cl. There is one 
motif per tile. (c) Q = c2. There are two motifs per tile, related by the symmetry operation ts*, 
t =: Il. 0). (d) Q = c4. The four motifs per tile are related by the symmetry operations s’, i = 0, . . . ,3. 
Color groups 
Fig. 6. A perfect coloring of the tiling of Fig. 5(c). The tiling does not admit all perfect colorings of p4 
with p= 1: the same colors can appear on tiles of both orientations if and only if A is the sum of an 
even square and an odd square. Here A = 32 + 02. 
Q = c4. Illustrations of each of these three types are shown in Fig. 5. 
(i) Q = ~4. Here Q = S, so H must be type ~4. Thus the pattern admits only 
colorings k = A, where A is a sum of two squares (Table 3). 
(ii) Q = c2. Here the sets of motifs related by c2 must have the same colors. 
Thus ~1 = 2 or p = 1. If p = 2, then k must be of the form 26, where A can be any 
nonzero integer. If p = 1, then H is p4, and Q is isomorphic to a subgroup of S”. 
The two motifs in a tile are related by the isometry t,s2, where s* is twofold 
rotation and t, = (1,O) (or (0, l)), which must belong to a coset T( rs)* in H. Let 
[A] = [p q/-q p] and let t = (u, u). Then ZA and v must satisfy the equation 
t’+(u-0, u+u)=(l,O), 
where t’ E L’. Thus there must exist integers m, n such that 
(l,O)=(u-u,u+u)+m(p,q)+n(-q,p): 
l=u-v+mp-nq, 0 == ii +?t+mq+np. 
We see: that such u and v will exist if and only if m and n can be chosen so that 
mp - nq and mq + np are not congruent modulo 2. This is possible if and only if p 
and q do not have the same parity; A must be odd. Fig. 6 shows such a tiling for 
p=3, q=o. 
Thus a tiling with plane group p4 and Q = c2 admits k-colorings for every even 
integer k, and for every odd k which is a sum of two squares. The distribution of 
colors is very different in the two cases. 
(iii) Q = c 1. In this case every subgroup of p4 yields a coloring of the tiling. The 
same color can appear in 1, 2, or 4 orientations. 
Table 4 lists the values of k for which perfect k-coloring exist for each of the 
ninety three marked isohedral tilings. 
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3. Equivalence and enumeration 
The enumeration of color groups depends on the way in which equivalence is 
defined. Despite confusion in the literature, it seems to be agreed irnplicity that 
G(H,) and G(H,) should be considered equivalent if patterns representing them 
can be superposed so that the color Termutations assigned to their symmetry 
elements are iderkal, up to a permutation of the colors. (This is broader than the 
definition proposed in [ 161. See also [13].) The following is an algebraic formula- 
tion of this intuitive notion. 
D&&ion. Let I-I, and H, be subgroups of G of finite index. The color groups 
G( I-l,) and G(K) are e@utllent if there is an automorphism 5 of G which maps 
H, onto Hz. 
?f such an automorphism exists, we will also say that H1 and II2 are equivalent. 
it is &dent that if two subgroups are equivalent then they are isomorphic, but 
since zny two plane groups of the same type are isomorphic this is clearly not 
sufficient. Moreover, in some cases isomorphic subgroups with identical lattices 
are inequivalent, while in other cases subgroups with different lattices are equival- 
ent. Thus the enumeration of color grouts requires some care. 
Since 5 must map T onto itself, its nontranslational part can be represented by 
a matrix W, an element of GL(2,Z). If H1 <and Hz are equivalent subgroups of G, 
with lattices defined by matrices [A,] And [AJ, then W must map the column 
vectors of [.A,] onto a pair of vectors which define the same sublattice as [AJ. 
This means that 
for some D in GL(2, Z). Thus to prove that two subgroups of G are equivalent, 
be must find a Lj which satisfies (1) and in addition maps one subgroup onto the 
other and G onto itself. 
ILet H, and I-I2 be subgroups of index k, and let r1 and I’, be the images of G 
in Sk under the permutation representations err and cr, they determine. It is easy 
to show that if G(H,) and G(H,) are equivalent, then o,(G) and a2(G) are 
isomorphic. In particular, o,(T) and az(T) must be isomorphic. For a subgroup 
with I.’ defined by the matrix [a O/c d], u(T) is isomorphic to the direct product 
C,,,, x C,. where f is the g.c.d. of ca and c. This observation enables us to establish 
the inequivalence of certain color groups. For example, in p4 the p4 subgroups 
with lattices [SO/O 51 and [43/-341 are inequivalent: for the first, u(T) is 
isomorphic to C, x C5, while for the second u(T) is isomorphic to C,, x C, (since 
the lattice is also defined by the matrix [25 O/-7 11. 
To enumerate the color groups, we consider each group G in turn and 
determine, for each k, which of its isomorphic subgroups are equivalent. First we 
note that if G is pl or p2 then the isomorphism of r1 and I’, ensures the 
equivalence of the corresponding subgroups. 
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Theorem 3.X. If G, HI, and Hz are type pl and r, and I’2 are isomorphic, then 
G(H,) and G(HJ are equivalent. 
Proof. Both r, and rz are isomorphic to a direct product C,, x C, where 
S,&=A. Thus there are generates yll, y12 of rr and ‘yzl, vL2 of r2 such that 
M = h21l= 8 1 and (y12( = lrz21= &. Consequent11 there are elements fll, t,, 
and t21, f22 in G such that 61tl, and a2t12 generate L’, and 6,t2, and 82t22 
generate I& Since both subgroups are of index A, the matrices with columns {tlj} 
and (tzi} have determinant 1 and hence the vectors are bases for G. Thus there is 
a WE GL(2,Z) which maps one onto the other; hy linearity, W maps H, onto, 
H1,. 
CoroUary 1. If G is type p2 and HI and H2 are isomorphic, then G(H,) and 
G(H,) are equivalent if r, and I-‘, are isomorphic. 
Proof. Every element of GL(2,Z) commutes with (-1 O/O -l), so if W satisfies 
(l), then WH1 W-’ = H2 and WGW-’ = G. 
CorolRary 2. The number of k-color groups G(H) where both G and H are type pl 
or type p2 is the number a(k) of abelian groups of order k which cart be wr%m as a 
direct product of two cyclic groups. 14 G is p2 and H is pl, dten there are fZ(k/2) 
k-color groups. 
Proof. To prove the first statement, we must show that all p2 subgroup:; of p2 
with the same lattice are equivalent. Let HI = T’U T’s and Hz = T’U T’ts. Then 
conjugation of H, by t/2 maps H1 onto H2 and G onto itself. The second 
statement is established by noting that since H is a subgroup of index two, 
A = k/2. 
For the other crystallographic groups, the proof of Theorem 1 fails because W 
must be a rigid motion. To enumerate the k-color groups for a given G and k in 
such cases, we first check which types of subgroups of index k exist (Table 3) and 
then determine, for each isomorphism class, which subgroups are equivaletnt. The 
following examples illustrate a procedure for doing this, and some of the sub- 
tleties involved. 
Example 3.1. Let G be pm and H a subgroup of index four, as in Example 1.2 
(Fig. 3). We have shown that there are three pl subgroups with A = 2. In pm, the 
lattices which define them are inequivalent. (Notice that in p2 or p6 aRll three 
would be equivalent.) If S’= d 1, there are five lattices and three types of 
subgroups. It is easy to show that in each case different choices of r, tiead to 
eq,uivalent groups. For instance the subgroups whose orbits are shown in Fig. 3(c) 
and 3(d) are equivalent under conjugation by t” = (0,;). This means that there are 
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three inequivalent pm subgroups, two inequivalent pg subgroups, and two inequi- 
valenl cm sulqgroups. In all, there are ten 4-color groups for G. 
Example 3.2. If a subgroup of a given type can be embedded in G in more than 
one way, each embedding must be considered separately. For example, p4m can 
have pm subgroups with reflections (10/O-l), (-10/O I), (0 l/l 0) or 
(0 -I / - 10). The sets of subgroups corresponding to the first and second reflec- 
tions pre equivalent, and so are those corresponding to the third and fourth. 
However, those of the first and third are inequivalent. In this case the lattices are 
different, bilz sumetimes subgroups with identical lattices may be inequivalent. 
This is the case. for the two pg subgroups of index four of pmg illustrated in Fig. 4, 
since there is no automorphism of G which maps H1 onto Hz (see Example 1.3). 
1 cr 
‘7 
‘\I . . 
1 r r 
r,,.--J c-0-J 
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r r 1 
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r 1 r r 1 
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Fig 7. Different choices of t may define inequivalent subgroups. The twofold rotation centers of the 
orbits of the four p2 subgroups of p4 shown here are indicated by dots. In both (a) and (b), 
[A] = [2 O/l 11. In (a), i = (0,O); in I(b), t = (1,O). The subgroups are inequivalent because there is no 
automorphism of G which maps T’s’ onto T’ts*. Ln (c) and (d), [A] = [2 O/O 11. In this case the choices 
(c) t = {O, 0) and (d) t = (1,O) define equivalent subgroups. 
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Table 5. Enumeration of k-color groups 
ii 2 3 4 6 2~ P2 PIP2 * * . P, 
Pl 
P2 
P3 
1 1 2 1 
2 1 3 2 
0 2 1 1 
P4 2 0 5 2 
~6 1 2 1 5 
Pm 
PJL! 
cm 
pmm 
5 2 1t 11 
2 2 4 5 
3 2 7 7 
5 1 13 10 
pmf3 
Pfx 
5 2 11 11 
2 1 4 4 
cmm 5 1 11 8 
p3ml 
p31m 
p4m 
P4g 
p6m 
1 2 1 4 
1 2 1 5 
5 0 13 2 
3 0 7 2 
3 2 2 11 
1 
2 
0 
f(p+ll.) if p=&;+l, 
f(p+S) if p=4n+3 
1 ifl p:=6n+l 
+(P+l)+g 
4(p+1)+3 
f(p+l)+S 
$(p+39) if p=4n+l, 
b(p+37) if p=4n+3 
$p+l)+lO 
$(p+lS) if p=4n+l, 
b(p+13) if p=4n+3 
i(p+39) if p=wIfl, 
$(p+37) if p =4n +3 
1 ifE p=6n+l 
1 iff p=6n+P 
2, +1 if p =4n+l 
2,+1 if p=4n+l 
1 iff p=6n+l 
2 
2 
l,+l if p=6n+l 
1,+1 if p=4n+l 
l,+d. if p=6n+l 
3 
3 
3 
2 
3 
2 
2 
1 
1 
1 
1 
1 
1 
1 
2’-’ W all 
pi =6n+l 
2’-’ ifF all 
pi -4n+l 
2’--’ ifF all 
pi -6n+l 
2’ 
2’ 
2 
r-1 
2 
2r-1 
2’-I 
0 
0 
0 
0 
0 
Totals 46 23 96 91 3p+59+j 3O+j jX2’-‘+2 
j=9 if p=12n+l j=3 if p=12n+l j = 14 if all 
p-12n+l 
j=5 if p=12n+5 j=2 if p=12~+7 j=13 if all 
pi = 12n +7 
j=4ifp=12n+7 j=l if p=12n+5 j = 12 if all 
p,=12n+5 
j=O if p=12n+ll j=O if p=12n+ll j = 11 otherwise 
-- 
The k-color groups in the plane are enumerated for certain classes of k. The integers p, pI. pr . . . , p, 
are primes greater than 3; pI.. . . , p, are di&ct. 
a There are no color groups unless all the pi have this form. 
Example 3.3. Suppose that G, HI, and Hz are type p4; both lattices are defined 
by matrices of the fomr [a Oi-ax/y a/y], where y 1 (x2+ 1) and y 1 a. Since the 
lattices are invariant under fourfold rotations, they will be equivalent only if they 
can be mapped onto one another by the reflection (1 O/O -1) of 64. Thus the 
diagonal entries of the two matrices must be identical and the upper righthand 
entries can differ only in sign. U y = 2”p?lp$ l l l pp, where the pi are distinct 
odd primes, then the congruence x” + 1~ 0 (mod y) has 2’ solutions if (Y = 0 or 
a = 1 and all the pi are congruent o 1 (mod 4); otherwise there . .c no solutions 
[lo] and the lattice cannot exist. Thus the number of inequivalent lattices with 
diagonal entries ce and u/y is T-l. For each lattice, the possible chokes of o in the 
definition of H define equivalent color groups. This is true whenever 3 and S’ are 
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cychc groups of the same order. Thus the four groups shlown in Fig. 2 are 
equivalent. In other case.., different choices of t or f0 may define inequivalent 
subgroups. For example, the choices t = (0,O) and t = (1,O) define inequivalent p2 
subgroups of p4 if the lattice is [2 O/ 1 1-j. This is illustrated in Fig. 7. In the first 
case the twofold rotation centers of an orbit of H coincide with fourfold centers of 
G: in the second, they coincide with twofold centers of G. On the other hand the 
twofold centers of the two p2 subgroups with lattice [2 O/O 111 coinc:ide with both 
fourfold and twofold centers of G and are equivalent. Fox p4, there will be two 
inequivalent p2 subgroups with lattice [a O/cd] whenever both a and c +d are 
even. In other groups the analogou, conditions can be more complicated. 
These examples how that two lattices may be equivalent in one group and not 
in ailother, and that isomorphlic subgroups with the same lattice may or may not 
be equivalent, depending on lthe structure of N and its lattice parameters. 
Table 5 lists the number of k-color groups for selected values of k: 2, 3, 4, 6, 
2~. p’. and p,p2 1 l . p,, where p and the pi are primes greater than 3, and the 
p, are distinct. The groups k 6 60 are tabulated in [17]. 
It is interesting to note that if k is a prime greater than 3, then the number of 
k-color groups is severely limited, because we always have p = 1, and also there 
are very few admissible lattices. From, the last column of Table 5, with r = 1, we 
find that 
the number of k-color groups, where k is a prime greater than 3, is 16 if 
k=12n+l, 15 ifk-l2n+7,14ifk=12n+5,and 13ifk=12n+ll. 
We conclude with the remark that to enumerate the three dimensional k-color 
groups we only need an analogue of Theorem 1.2, since Theorems 1.1 and 3.1 
extend to this ease immediately. In principle, the procedure outlined here could 
then be followed. However, except for prime values of k the task would be 
substantial since there are seventy nine arithmetic crystal classes and two hundred 
and nineteen nonisomorphic extensions of Z3. 
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